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INTRODUCTION
We consider the approach to Monte Carlo importance sampling calculations
proposed by Ragheb, Halton and Maynard. It avoids the occurrence of infinite variances
and effective biases which arise in calculations where importance sampling is used with a
moderate number of simulations.
The overall functional dependence of the second moment about the origin, which
has the same behavior as the variance, is obtained over a set of simulations by proper
weighting of the generated histories. Then the results based upon samples corresponding
to the importance sampling parameter leading to minimum variance are adopted, and all
other results are rejected. Further simulations after determining that optimum parameter
will lead to further variance reduction proportional to the reciprocal of the square root of
the number of simulations.
The approach corresponds to the observation that once we gain knowledge of the
importance or the right optimal value of the biasing parameter, then we have solved the
problem and need not proceed further in the sampling process. This means that the
optimal value of the parameter and the solution, together with its variance will be
obtained simultaneously at a certain point of the computation. Carrying out the
calculation further will decrease the variance:
2
 opt
N
2
2
by the 1/N factor, but will not affect the factor  opt
any further. The value  opt
is
assumed to have been obtained after the occurrence of statistical convergence, which
results from an adequate sampling of the considered probability space.

THEORY
Consider the estimation of the integral:
t   g ( x) f ( x)dx
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with variance:
var t   [ g ( x)  t ]2 f ( x)dx
x
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where: f(x) is a probability density function, and the variance is defined for g(x) averaged
over f(x).
For an importance sampling process depending on a parameter α, with a
probability density function h(x,α), we consider the integral:
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where x represents sample points obtained from the importance function h(x,α) with
parameter α.
Even though t’ does not depend upon the choice of α it does in a statistical
evaluation effectively depends on it. For a given number of trials, different values of the
parameter α result in estimates with different variances and convergence characteristics
related to the uniformity of sampling. These lead to the observed infinite variances and
effective biases. One is then intesrested in knowing the values of α which leads to a
minimum variance in a given calculation. Since the second moment about the origin
behaves in the same way as the variance, one can simplify the analysis by considering it,
rather than the variance:
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which now clearly depends on α, even if it were evaluated analytically instead of
stochastically.
We may compute approximately by Monte Carlo M2(α) for different choices of
the parameter α:

1 ,  2 ,  3 , ...  n ,
by generating a sample of x’s for each αi, and then draw a curve through these points
M2’(αi). However, according to a theory by Frolov and Chentsov, such an approach is
inconvenient since it will not result in a smooth curve. This is so because the statistical
variation from each sample of αi to another does not allow the points M2’(αi) to lie on a
smooth curve, even if M2(α) is smooth and the factor:
g 2 ( x) f 2 ( x)
,
h2 ( x,  )

depends smoothly on α.
We propose the following: Let us use a weighting factor, which amounts to using
conditioned samples, and rewrite Eqn. 4 in a working form:
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where:
W ( x,  k ) 

h ( x,  k )
 1,
h ( x,  k )

is a weighting factor, and αk for k = 1, 2, …, r, are choices for the parameter α used to
sample the importance function h(x, αk).
We can capture the α-dependence of M2(α) by the estimates:
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for k = 1, 2, … , r.
where: N is the number of histories drawn from h(x, αk),
xi , k are sample values chosen from the probability density function h with
parameter αk. Each sampled history or pseudo random number will generate r values of x
corresponding to each αk.
Even though there exists theoretically one single graph for M2(α), in practice,
however, different choices of αk do in fact lead to different M2(α)’s graphs for moderate
number of histories because of the incomplete sampling of the probability space for
certain α’s. Equation 6 thus generates a surface relating M2 to α for different choices of
αk. After a sufficient number of trials, one can infer from that generated surface the
position of the minimum, and consequently the optimal value of α The result of the mean
value corresponding to that optimum value of α
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is chosen as our answer, together with its variance:
var t '  M 2,opt ( opt )  ( t ') 2

(8)

Other values of t’ corresponding to non-optimal α’s are to be rejected, since they
would involve an effective bias, unless an unrealistic number of trials is used.
More formally, for a random variable ξ depending on a parameter α, and using the
Radon-Nikodym derivative:
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for an importance sampling process; the working formula for the approach as Eqn. 5
reads:
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if:

 ( x,  )d  ( x,  )   ( x,  k )d  ( x,  k )
for all x’s and k = 1, 2, 3, … ,r.
For a certain choice α0 of αk, this specializes to:
M 2 ( )    ( x,  ) ( x,  0 )d  ( x,  0 )

(9)
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an equation used by Spanier for generating a set of histories from sampling with a
parameter value α0, to estimate M2(α) for    0 , over a multistage sampling process.

COMPUTATIONAL SCHEMES
Sequential decision-making is necessary for the application of the methodology.
This does not imply a multistage process, and a single stage procedure is maintained to
preserve the correlation among the samples obtained. The sequential procedure produces
a decision on contracting the range of the parameter values as we gain more information
about the position of the minimum, and possibly refining the mesh around the optimum
as the calculation proceeds. Figure 1 suggests two computational schemes for the
application of the method.

Figure 1. Computational Schemes for optimization of biasing parameter α.

APPLICATION TO THE EVALUATION OF INTEGRALS
The evaluation of integrals allows insight into the method and its application,
economical computations, and the results and conclusions generated apply to other
applications, such as particle transport.
We consider both the Crude Monte Carlo method as exposed by Hammerseley
and Handscomb, and importance sampling with parametric dependence.
We sample x1, x2, … ,xn independent uniformly distributed pseudo-random
numbers over the interval [0,1] to estimate the integral:
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where f(x) is the uniform distribution: f ( xi )  1 .
The unbiased Crude Monte Carlo estimator of M1 is:
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Its variance is:

2

1

1
  [ g ( x)  M 1 ]2 dx
n n0

(12)

and its theoretical standard error is thus:
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If we consider:
g ( x)  e x

we get:
M1  e  1  1.718281828

e2  1
 3.194528048
2
 2  M 2  M12  0.242035608 ,
M2 

The standard error is estimated by the formula:
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giving an estimate s for σ. The result is announced in the form:
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n
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Since, by the Central Limit Theorem, we expect the distribution of M1 to be
approximately normal, we may say with 95 percent confidence that we are within 2
standard deviations of the mean.
Using the importance function:
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the normalization:
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Thus, using Eqn. 3, with the normalized density function:
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and:
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The minimum of M 2 ( ) occurs at α = 1, and is then equal to:

(18)

M 2 (  1)  (e 1)2  2.952492440
and the variance at that optimal value of α = 1, will lead to a zero variance scheme.
We assume, as is the case in practical applications, that we have no prior
knowledge about the optimal value of α, so that we seek to determine it from the
computational results. The approach is applied to this model problem, and compared to
Crude Monte Carlo.

COMPUTATIONAL RESULTS
Over the unit interval, the normalized probability density function:
pdf  h( x,  k ) 
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has a cumulative distribution function:
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For pseudo random numbers ρi uniformly distributed over the unit interval, a
sample from the considered pdf will be:
xi , k 

1

k

ln[ i (e k  1)  1] .

Thus, for given values of αk, k = 1, 2., … , r, one can obtain r sample points xi , k for each
generated pseudo random number ρi. For each αk the dependence of M 2 ( ) upon α can
be then be obtained by using Eqn. 6 for M 2,k ( ) .
Table 1 shows the behavior of the second moment when sampling from the
importance function with parameters αk as a function of α, for discrete values of α : αi.
For different numbers of histories N, the position of the minimum is underlined. We
notice that for a small number of histories, the minima do not all occur at the position of
the theoretical minimum (α = 1). For N = 10, and αk = 2.0, 4.0 it occurs at α = 0.5. When
the number of histories is increased to 30, 40 and 50, the whole solution stabilizes and the
minima for different choices of αk occur at α = 1.
Now that we are sure that the solution has converged statistically, we can
announce our results as the first moment obtained for αk = 1 and α = 1. The variance was
estimated as:
n 1 2
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and our answer can be announced as:
M1 

s
 1.7182817  4.5 105 ,
50

This can be compared with the exact solution of M1 = 1.7182818.
Table 1. Second moment as a function of biasing parameter α and number of histories. α
ε [0.25,4.00]

For comparative purposes, the results for the first moment using Crude Monte
Carlo calculations are shown in Fig. 2. The error bars always contain the exact solution
since no biasing is introduced. At n = 50, the answer was still:
M1 

s
 1.773606  0.065788;
50

and at N = 10,000 samples it is:
M1 

s
 1.720281  0.004908.
10, 000

Both results are inferior to the importance sampling result for 50 samples.
Obviously, the proposed approach involves more computational labor for each history.
Assuming that the sampling of each point requires 10 times more computational effort,

and that we choose a very fine mesh of 20 x 20 = 400 points, this will lead to 4,000 times
more computational effort per sample than Crude Monte Carlo. However, the theoretical
standard error of the Crude Monte Carlo scheme is:


n



0.242035
.
n

If the approach gives for n = 50 a standard error of 4.5 x 10-5, this would have required
the Crude Monte Carlo0 sampling to have used a number of histories n = 1.2 x 108
histories to achieve the same level of error. Even reducing that by 4,000 times to
accommodate for the extra sampling operations, the gain in efficiency will still be:
1.2 108
4, 000

3.0 104

which is a considerable gain. Obviously such a large gain may not be achievable in more
practical applications in which the parametric representation of the importance sampling
function, together with its sampling will require much extra effort; but a gain is certainly
expected.

Figure 2. Crude Monte Carlo results for n = 10,000, showing error bars and exact value.
The behavior of the first moment for different αk ε [0.4375, 4.0] is displayed in
three dimensional forms for n = 100, 10,000 and 100, 000 in Figs. 3-5. Away from the
optimum, an effective bias in the result can be noticed unless a large number of histories
is used.

Figure 3. Mean value as a function of the biasing parameter α, for N = 100 histories.

Figure 4. Mean value as a function of the biasing parameter α, for N=10,000 histories.

Figure 5. Mean value as a function of the biasing parameter α, for N = 100,000 histories.

Figure 6. Second moment surface as a function of the biasing parameter α, for N = 10
histories.

Figure 7. Second moment surface as a function of the biasing parameter α, for N = 100
histories.

Figure 8. Second moment surface as a function of the biasing parameter α, for N = 300
histories.

Figure 9. Second moment surface as a function of the biasing parameter α, for N = 600
histories.

Figure 10. Second moment surface as a function of the biasing parameter α, for N = 1,000
histories.

Since our measure of the “variation” of the first moment for determining our
optimal parameter value is the second moment, its behavior is investigated further in
Figs. 6-10. These figures show clearly how the second moment surface fluctuates around
its optimal point αk = 1.0 as a pivot, and how it approaches the exact smooth curve M2(α)
as n grows larger. Infinite variances will be obtained if we are not close to the optimum.

DISCUSSION
Minimum variance in Monte Carlo importance sampling with parametric
dependence can be achieved through the generation of the second moment surface in
view of identifying the optimal variance parameter. The results based upon samples
corresponding to the importance sampling parameter leading to minimum variance are
adopted, and all other results are rejected. Further simulations after determining that
optimum parameter will lead to further variance reduction proportional to the reciprocal
of the square root of the number of simulations. The approach is shown to avoid the
infinite variances and effective biases that can arise when importance sampling is used.
Whereas the methodology has been demonstrated for the estimation of integrals, greater
usefulness of the methodology should be more drastic upon usage in particle and fluid
transport applications.
The determination of the position of the optimum can be carried out by table
lookout or by some steepest descent or alternating gradient method, or by genetic
algorithms or simulated annealing optimization methods over the second moment
surface.

